The variational Lie derivative of classes of forms in the Krupka's variational sequence is defined as a variational Cartan formula at any degree, in particular for degrees lesser than the dimension of the basis manifold. As an example of application we determine the condition for a Noether-Bessel-Hagen current, associated with a generalized symmetry, to be variationally equivalent to a Noether current for an invariant Lagrangian. We show that, if it exists, this Noether current is exact on-shell and generates a canonical conserved quantity.
Introduction
The study of calculus of variations for field theories (multiple integrals) as a theory of differential forms and their exterior differential modulo contact forms ('congruences') was initiated [22] by Lepage in 1936; see e.g. [23] for a brief review. One of the most important fact within such a geometric formulation of the calculus of variations is the fact that considering the ambient manifold to be a fibered manifold and the configuration space a jet prolongation of it, variations can be described by Lie derivatives of forms with respect to projectable vector fields; see, e.g. [8, 13] .
In [14, 15] Krupka described the contact structure at a given finite prolongation order and initiated the project of framing the calculus of variations within a differential sequence obtained as a quotient sequence of the de Rham sequence. Krupka's variational sequence is a sequence of differential forms modulo a contact structure inspired by the Lepage idea of a 'congruence'. Krupka also showed that the Lie derivative of forms with respect to projectable vector fields preserves the contact structure naturally induced by the affine bundle structure of jet projections order-by-order. This fact suggests that a Lie derivative of classes of forms, i.e. a variational Lie derivative, can be correctly defined as the equivalence class of the standard Lie derivative of forms and represented by forms.
By a representation of the quotient sheaves of the variational sequence as sheaves of sections of tensor bundles, in [3] explicit formulae were provided for the quotient Lie derivative operators, as well as corresponding versions of Noether Theorems interpreted in terms of conserved currents for Lagrangians and Euler-Lagrange morphisms (only classes of forms up to degree n + 2, the latter assumed to be exact, were considered). Such a representation made use of intrinsic decomposition formulae for vertical morphisms due to Kolař [9] , expressing geometrically the integration by part procedure (a geometric decomposition was proposed earlier, e.g. by Goldschmidt and Sternberg [8] ). Such decomposition formulae, corresponding to the first and second variational formulae, in particular introduce local objects such as momenta which could be globalized by means of connections. In particular, besides the usual momentum associated with a Lagrangian, a 'generalized' momentum is associated with an Euler-Lagrange type morphism. Its interpretation in the calculus of variations has not been exaustively exploited; in [26] it was suggested that it could play a rôle within the multisymplectic framework for field theories.
We recall that, by using the so-called interior Euler operator adapted to the finite order case, a complete representation of the variational sequence by differential forms was given in [10, 11, 12] and independently in [19, 20, 31] . This is an operator involved with the integration by parts procedure. We shall exploit the relation between the interior Euler operator and the Cartan formula for the Lie derivative of differential forms. The representation of the variational Lie derivative provides, in a quite simple and immediate way, the Noether Theorems as 'quotient Cartan formulae' [25] . In this paper, inspired by (and extending) a formalism developed by [10, 12] , we shall derive the variational counterpart of the Cartan formula for the Lie derivative of forms of degree q ≤ n − 1, where n is the dimension of the basis manifold, thus explicating and making more precise previous results stated in [3, 25] . In particular formulae for the Lie derivative of classes of q-forms will be obtained, not only for the representations. To this aim we define an interior Euler operator associated with a contact component of degree k of a form of degree q ≤ n − 1. We shall also define a 'momentum' associated with the differential of such a q-form and provide an example of application.
The above general results concerning variational derivatives of forms of degree q ≤ n − 1 were motivated by the need to have at hand suitable techniques in order to investigate variational problems for (conserved) currents associated to symmetries and invariant variational problems in locally Lagrangian field theories. As it is well known, invariance properties of field dynamics are an effective tool to understand a physical system without solving the equations themselves: the existence of conservation laws associated with symmetries of equations strongly simplifies their study and corresponding conserved currents along solutions (on-shell) appear to be significant for the description of the system.
It turns out to be fundamental to understand whether conserved currents associated with invariance of equations could be identified with Noether conserved currents for a certain Lagrangian; in fact, a symmetry of a Lagrangian is also a symmetry of its Euler-Lagrange form, but the converse in general is not true. We are interested to this converse problem which belongs to aspects of inverse problems in the calculus of variations.
Representation of the variational sequence
We assume the r-th order prolongation of a fibered manifold π : Y → X, with dim X = n and dim Y = n + m, to be the configuration space; this means that fields are assumed to be (local) sections of π r : J r Y → X. We refer to the geometric formulation of the calculus of variations as a subsequence of the de Rham sequence of differential forms on finite order prologations of fibered manifolds.
Due to the affine bundle structure of π
, which induces natural spittings in horizontal and vertical parts of vector fields, forms and of the exterior differential on J r Y (see the Appendix for some more technical details and properties which will be used here).
Let ρ be a q-form on J r Y ; in particular we obtain a natural decomposition of the pull-back by the affine projections of ρ, as
where p i ρ is the i-contact component of ρ (by definition a contact form is zero along any holonomic section of J r Y ). Starting from this splitting one can define sheaves of contact forms Θ * r , suitably characterized by the kernel of p i [14] ; the sheaves Θ * r form an exact subsequence of the de Rham sequence on J r Y and one can define the quotient sequence
i.e. the r-th order variational sequence on Y → X which is an acyclic resolution of the constant sheaf IR Y ; see [14] . In the following, if
k r denotes the equivalence class of ρ modulo contact forms as defined by Krupka (by an abuse of notation we therefore denote in this way a local or a global section of the sheaf, when there is no possibility of misunderstanding).
The quotient sheaves in the variational sequence can be represented as sheaves of q-forms on jet spaces of higher order. For 1 ≤ q ≤ n, the representation mapping is just given by the horizontalization p 0 ρ = hρ. For q > n, say, q = n + k, it is clear that any form is contact; therefore, in this case, p k ρ denotes the component of ρ with the lowest degree of contactness. For q ≥ n + 1, a representation can be given by the interior Euler operator I which is uniquely intrinsically defined by the decomposition I(p k dp k R(ρ)) = 0 ;
It is defined a representation mapping
where N = dim J r Y and P is the maximal degree of non trivial contact forms on J r Y (see e.g. [10, 12, 14, 19, 31] , whereby also local coordinate expressions can be found).
The representation sequence {0 → R * (V * r ) , E * }, is also exact and we It is well known that in order to obtain a representation of Euler-Lagrange type forms the following integration formula is used [14] In order to integrate by parts k-contact components of (p + k)-forms with p < n, we notice that
This enabled one of us to generalize results given in [12] as follows (see [25] ).
where
Of course, I = I and R = R in the case p = n.
Remark 1 In the case
p = n − 1, R(ρ) is defined by p k dp k R(ρ) = r |I|=1 d I (ω α ∧ ζ I α ) = d H [ r−1 |I|=0 (−1) k d I χ I[lj] ∧ ω lj ] .
Variational Lie derivatives of classes
A variational Lie derivative operator L j r Ξ acting on the sections of sheaves in the variational sequence is well defined: the basic idea is to factorize modulo contact structures [16, 17, 19, 21] . This enables us to define symmetries of classes of forms of any degree in the variational sequence and corresponding conservation theorems; see also [25] . We define the interior product of a projectable vector field with the equivalence class of ρ as the equivalence class of the interior product of the vector field with the representation of the equivalence class of ρ, that is
This definition is well given. In fact, we need only to check that the image of ι j r Ξ does not change while changing the representative inside the equivalence class.
, as we wanted. Accordingly, in the following we will sometimes skip to specify the jet prolongation of a projectable vector field when it appears within formulae for the variational classes (the order in the variational sequence is fixed and so is for the jet order of prolongations).
Therefore we can define the variational Lie derivative with respect to a projectable vector field (Ξ, ξ) of a class of forms in V q r simply by taking the class of the Lie derivative of its representative with respect to the sprolongation of Ξ, i.e.
As before we can easily check that this definition is well given.
Let Ξ be a projectable vector field on Y , ρ a q-form defined (locally) on J r Y . We define an operatorR q : V q r → Λ q s by the following commutativity requirementR
. This operator is uniquely defined and is equal, respectively, to the following expressions:
This means thatR together with the (variational) operator
in the same way, we have thatR q+1
This enables us to deal with ordinary Lie derivatives of forms on Λ q s , then apply the Cartan formula for differential forms, therefore return back to the classes of forms to obtain a sort of variational Cartan formulae; see in particular also [25] where the case q ≥ n + 1 has been worked in detail and partial results concerning the case case q ≤ n have been obtained.
We shall also need the following naturality property.
The commutator of d and R q is contact, hence it vanishes in the quotient.
In the following we shall make use thoroughly of a technical result due to Krbek [10] (Theorem III.11), which we recall here for the convenience of the reader; see also [12] .
Lemma 1 Let Ψ be a π-vertical vector field on Y and ρ a differential qform on J r Y . Then the following holds true for i = 1, . . . , q j r+2 Ψ⌋p i dp
and
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where R is defined by the splitting of Proposition 1.
We have the following.
Theorem 1 Let α ∈ V q r , 0 ≤ q ≤ n − 1, and let Ξ be a π-projectable vector field on Y ; the following holds locally
Proof. Recalling the decomposition of the vector fields and of the exterior differential we have
By applying lemmas 7, 6 and 5, we easily see that:
are contact pieces. On the other hand, by using Lemma 8
Analogously, one can see that
so that up to contact terms
By taking the class, which makes the remaining contact pieces vanish, and the projectable vector field Ξ is defined as a section
where R is defined by the splitting given by the interior Euler operator.
Theorem 2 (Noether's Theorem I)
Let α ∈ V n r and Ξ be a π-projectable vector field on Y ; the following holds (locally):
Proof. As before, by the representationR n and the pullback (π
however (unlike the case k ≤ n − 1) the term j r+1 Ξ H ⌋d H hρ vanishes because dρ is contact and d H hρ = (π r+3 r+1 ) * h(dρ) = 0. On the other hand
Thus, by Krbek's Lemma we get
However, by Lemma 8, (π
Lastly, we use again the representations in each remaining term:
) . As before, by calling α = [ρ], we get the conclusion.
The case q ≥ n + 1
In [25] it was proved the following variational Cartan formula for classes of forms of degree q ≥ n + 1 (the case q = n + 1 for locally variational dynamical forms encompasses Noether's Theorem II, or so-called Bessel-Hagen symmetries).
Theorem 3 Let q = n + k, with k ≥ 1 and α ∈ V q r . Let Ξ be a π-projectable vector field on Y ; we have
These variational Cartan formulae will be the underlying mathematical core of the next Section, which deals with currents associated with invariance of (locally) variational dynamical forms, invariance of currents and corresponding generalized momenta.
Noether-Bessel-Hagen currents
Consider now conserved currents associated with invariance properties of (locally) variational global field equations, i.e. with so-called generalized or Bessel-Hagen symmetries [1] . Noether currents for different local Lagrangian presentations and corresponding conserved currents associated with each local presentation have been characterized in [4, 5, 6, 28] . There exist cohomological obstructions for such local currents be globalized and such obstructions are also related with the existence of global solutions for a given global field equation [7] .
We will denote by a subscript i the fact that in general a sheaf section is defined only locally, i.e. that it is a 0-cochain inČech cohomology; analogously by two subscripts ij we shall denote that a sheaf section is a 1-cochain. In the following we shall also denote⌋ simply by ⌋ since we are dealing with classes and there is no danger of confusion. Let for simplicity η λ i denote a global Euler-Lagrange class of forms for a (local) variational problem represented by (local) sheaf sections λ i . Notice that in this case Theorem 2 (Noether Theorem I) reads
the Noether current associated with it.
Definition 3 A generalized symmetry of a (locally variational) dynamical form η λ i is a projectable vector field
Since we assume η λ i to be closed, Theorem 3 reduces (case q = n + 1) to
Notice that, although Ξ V ⌋η λ i is global, in general it defines a non trivial cohomology class [4] ; it is clear that ν i is a (local) current which is conserved on-shell (i.e. along critical sections). On the other hand, and independently (see [24] ), we get locally
Definition 4
We call the (local) current ǫ i − β i a Noether-Bessel-Hagen current.
A Noether-Bessel-Hagen current ǫ i − β i is a current (conserved along critical sections) associated with a generalized symmetry; in [6, 7] we proved that a Noether-Bessel-Hagen current is variationally equivalent to a global (conserved) current if and
According with our general considerations, in view of the precise statements which the Noether Teorems provide concerning the existence and the nature of conservation laws for invariant variational problems, it is of importance to determine whether a Noether-Bessel-Hagen current is variationally equivalent to a Noether conserved current for a suitable invariant Lagrangian. It is known that this is involved with the existence of a variationally trivial local Lagrangian d H µ i , and with a condition on the current associated with it [29] . In the following we will relax some of the conditions and investigate the outcome.
Proposition 3 A Noether-Bessel-Hagen current ǫ λ i − β i associated with a generalized symmetry of η λ i is a Noether conserved current (for that symmetry) if and only if it is of the form
It is easy to see that the current ǫ λ i − β i is a Noether conserved current if and only if there exists µ i such that β i − L Ξ µ i is closed, i.e. if and only if
This means of course, that, locally,
thus, in particular, this identity is a consequence of the fact that L Ξ commutes with d H .
Proposition 4 Let
Proof. As it is well known, along any section pulling back to zero Ξ V ⌋η λ i we get the on-shell conservation law
By a uniqueness argument, we see that the latter expression must be equal to
Remark 2 It turns out that, on-shell, a canonical potential of the Noether current ǫ λ i −d H µ i , then a corresponding conserved quantity, is defined. An offshell exact Noether current associated with the invariance of λ i −d H µ i would be generated by a generalized symmetry j r Ξ such that Ξ V ⌋η λ i = 0; the corresponding cohomology class would be, therefore, trivial (see the discussion in [6, 7] ).
Our next goal is to relax the results above by recasting the problem by using directly the definition of canonical Noether current rather than the splittings of the Lie derivative given by the Cartan identities. So, it could be useful to consider ǫ i not just as a single current but as a morphism of the type ǫ i : λ i → ǫ λ i , from the sheaf of the Lagrangians to the one of the currents. It is obviously linear since the interior product, the vertical differential and the momentum are so.
It is now instructive to obtain the result of Proposition 3 as a consequence of Krbek's Lemma.
First we state some preliminary technical results.
Lemma 2 We have
Proof. Since, up to pullback, hd = d H h = hd H , we have
The statement follows immediately.
Lemma 3 We have
Proof. It is a consequence of the naturality of the variational Lie derivative:
while on the other side
We therefore get the result.
Lemma 4 Given
Proof. From one side we have:
On the other hand, since the pull-back (π r+5 r+3 ) * is injective, we have by definition
which gives us the assertion.
Let us suppose now that β i is a Noether current associated with the Lagrangian λ i − α i , with 
On the other hand, the previous Lemma implies that
This means that β i is the Noether current associated with
As we saw, the "if" implication could be weakened further since
and, by the uniqueness of the decomposition of the Lie derivative, the condition β i = Ξ H ⌋d H µ i is sufficient in order to have β i = ǫ d H µ i , i.e. we can take d H γ ij = 0. Conversely, the indetermination remains because, when 
is exact on-shell, and its potential
is defined up to a cohomology class.
by simple manipulations, thanks to the Lemmas above, we obtain
Note that (unlike the case d H γ ij = 0), generally speaking, the potential of the Noether-Bessel-Hagen current is not a canonical one.
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Appendix
For the convenience of the reader, we recall some useful technical tools needed in Section 2; details can be found e.g. in [2, 10, 30] .
Lemma 5 Given the vector field X and the differential form ρ, the contraction between X V and the horizontal component hρ is zero; the same holds for the contraction between X H and the n-contact component p n ρ.
Lemma 6 For every ρ ∈ Λ k (J r Y ), p Proof. Since for every ρ ∈ Λ k (J r Y ), p j p i ρ = 0 ∀i = j, it is enough to apply the decomposition formula twice, first on p i ρ, then on ρ:
In particular, the operators p i behave almost like projectors: their composition is not the Kronecker delta, but we have the following formula
Lemma 7
We have the following decomposition of the exterior differential:
Proof. Thanks to the contravariance of the pullback, (p i dp i−1 ρ + p i dp i ρ) = = k i=0 (p i dp i−1 ρ) + k i=0 (p i dp i ρ) = k−1 i=0 (p i+1 dp i ρ) + k i=0 (p i dp i ρ)
We have several fundamental properties, which relates the operators p i , h, d, d H and d V Lemma 8 For every i ≥ 1, supposing the operators are applied to k-forms, 
